Graphical Solution: 2 variables

Def.: Feasibleregion: set of points that make al linear inequalities in the system true simultaneously.

Def.: Give afeasible region in the plane defined by = or = constraints. A point of intersection of two
boundary lines that is also part of the feasible region is called a corner point (vertex) of the
feasibleregion. Inthe above, B, C, D, E are vertices for the feasible region shaded in red.

The Fundamental Theorem of Linear Programming: If the feasible region to any linear
programming problem has at least one point and is convex and if the objective function has a
maximum (or minimum) value within the feasible region, then the maximum (or minimum)
will always occur at a corner point in that region.

Criteriafor the existence of solutions, f(x,y)=ax+by
« If thefeasible region is bounded, then has a maximum and minimum.
« If thefeasible region is unbounded and a, b>0, then f has a minimum; but not a maximum.
Click here to get arough ideawhy the above holds.

Example

Problem 1
Problem 2
Problem 3
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Why?

Suppose fix, ¥ = Ax + By + ¢, alinear function in x and y, is defined on aline segment. f obtains
its max/min at the end points of the segment.

Ex. FIx, #)=2X+3¥ on the line segment ¥ = ¥+ 2 from (2, 4) to (5, 7).
Consider the following table of values consisting of various points on the line segment from (2, 4)
to (5, 7) along with the corresponding values of the linear function evaluated on that line segment.

(xy) [f(x.y)
2,4 16
(35 21
(4,6) 26
(5,7)[ 31

S0, one can see that as a point moves aong the line segment from (2, 5) to (5, 7), the values of the
objective function increase from 16 (minimum) to 31 (maximum).

In generdl, given (X, ¥1 = Ax + By + C defined on aline segment described by ¥ = 75 + 2 then the
following can be done:

flx,v)= fix, mx+b)
= Ax+B(mx+B)+C
—(A+Bm)x+Bbh+C
Fix)= A'x+C

Now, F islinear in x and as x increases from left to right, F either increases or decreases.
Consequently, the maximum and minimum values of F and, therefore, of f, must occur at the
extreme values of x. Hence, the maximum and minimum values of alinear function which

Is evaluated on a line segment must occur at the endpoints of the line segment.

Suppose f is defined over a convex polygon.

Isit possible for a maximum/minimum to occur within the polygon, say at A? If so, then one
can construct aline segment through A which intersects on the perimeter. But the



maximum/minimum must occur at the endpoints. Therefore, the maximum/minimum cannot be
within the polygon. Isit possible for a maximum/minimun to occur on the perimeter; but not at a
vertex (B)? No, because a maximum/minimum must occur at the endpoints. Therefore, the
maximum/minimum must occur at the vertices.
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Example

Maximize f(x, y)=80x+70y subject to the constraints. [Zx 4+ y = 32
x+y =18
x+ 3y =36
| oxyz i
The corresponding system of linear equationsis | and the polygon which represents
p=—Zx+ 32
sp=—x+13
1
p=——x+1Z2
2

the feasibleregionis

8 lé\ 24 32

The following table contains the values of the function at the vertices:

(xy) [f(x.y)
00 [ 0

(16,0)[ 1280
(14,4)[1400
(9,9) [1350
(0,12)[ 840




The maximum value of the function is 1400 and occurs at (14,4).
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Problem 1 of 3

Maximize f(x, y)=143x+60y subject to the constraints: [ x+ ¢ =100
120x 4+ 210y = 15000

110x 4+ 30y = 4000
x, ¥ =[]

Click here to see the solution
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Problem 1 of 3

Maximize f(x, y)=143x+60y subject to the constraints: [ x+ ¢ =100

120x + 2109 = 15000
110x 4+ 30y = 4000
x, ¥ =[]

Consider the corresponding system of linear equations aﬁd the feasible region:

x+ =100 !
120x + 210y = 15000
| 110%+30y = 4000 N
x,y=1
[n_snm;]:”
[0.0)

+ 158

|58 BTN

Click here to see the next step

Return to Graphical Solution




Problem 1 of 3

Maximize f(X, y)=143x+60y subject to the constraints: |

x+ y = 100
120x + 210y = 15000
110x 4+ 30y = 4000

x, ¥ =[]

Consider the corresponding system of linear equations aﬁd the feasible region:

ctyp=100 9y

120x+ 210y = 15000

110x 4+ 30y = 4000 )
x,y=1

"
(0.500:7)"

(0.0] — \EE

108,

Check the vertices to find that the maximum value is 6460 at (20,60)
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Problem 2 of 3

Minimize f(x, y)=60x+30y subject to the constraints: [y 4+ 3y = 120
2x 4+ y = B0

x, ¥ =0

Click here to see the solution
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Problem 2 of 3

Minimize f(x, y)=60x+30y subject to the constraints: [y 4+ 3y = 120

2x 4+ y = B0

x, ¥ =0
Consider the corresponding system of linear equations and the feasible region:

2x+3p =120 waol, T EET T
2 X+ ¥ = BI:I AR

~d

Click here to see the next step
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Problem 2 of 3
Minimize f(x, y)=60x+30y subject to the constraints: 2y 4+ 3y = 120

2x 4+ y = B0

x, ¥ =0
Consider the corresponding system of linear equations and the feasible region:

2x+3p =120 gael s HEET LA
2x+ y =80

vl

~d

Check the vertices to find that the minimum value is 2400 at (0,80) and (30,20).
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Problem 3 of 3

A pension fund has $30 million to invest. The money is to be divided among Treasury notes, bonds,
and stocks. The rules for administration of the fund require that at least $3 million be invested in each
type of investment, at least half the money be invested in Treasury notes and bonds, and the

amount invested in bonds not exceed twice the amount invested in Treasury notes. The annual

yields for the various investments are 7% for Treasury notes, 8% for bonds, and 9% for stocks.

How should the money be allocated among the various investments to produce the largets return?

Click here to see the solution
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Problem 3 of 3

A pension fund has $30 million to invest. The money is to be divided among Treasury notes, bonds,
and stocks. The rules for administration of the fund require that at least $3 million be invested in each
type of investment, at least half the money be invested in Treasury notes and bonds, and the

amount invested in bonds not exceed twice the amount invested in Treasury notes. The annual

yields for the various investments are 7% for Treasury notes, 8% for bonds, and 9% for stocks.

How should the money be allocated among the various investments to produce the largets return?

In millions of dollars, let x= the amount in Treasury notes, y= the amount in bonds,and
30-(y+y)= the amount in stocks. The constraints are: | . p =3

A0 —(x+ 9y =3
x+y=15

y=2x
and the objective function to be maximized is: f{x, ) =07x+08p+ 0930 —{x + )]

=2 7=02x—01y
Click here to see the next step.
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Problem 3 of 3

A pension fund has $30 million to invest. The money is to be divided among Treasury notes, bonds,
and stocks. The rules for administration of the fund require that at least $3 million be invested in each
type of investment, at least half the money be invested in Treasury notes and bonds, and the

amount invested in bonds not exceed twice the amount invested in Treasury notes. The annual

yields for the various investments are 7% for Treasury notes, 8% for bonds, and 9% for stocks.

How should the money be allocated among the various investments to produce the largets return?

In millions of dollars, let x= the amount in Treasury notes, y= the amount in bonds,and
30-(y+y)= the amount in stocks. The constraints are: | . p =3

A0 —(x+ 9y =3
x+y=15

y=2x
and the objective function to be maximized is: f{x, ) =07x+08p+ 0930 —{x + )]

=2 7-02x-01yp
The corresponding system of linear equationsis: [ x 4 =3

y=—-x+27
x+ =15

y=2x
Click here to see the next step.
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Problem 3 of 3

A pension fund has $30 million to invest. The money is to be divided among Treasury notes, bonds,
and stocks. The rules for administration of the fund require that at least $3 million be invested in each
type of investment, at least half the money be invested in Treasury notes and bonds, and the

amount invested in bonds not exceed twice the amount invested in Treasury notes. The annual

yields for the various investments are 7% for Treasury notes, 8% for bonds, and 9% for stocks.

How should the money be allocated among the various investments to produce the largets return?

In millions of dollars, let x= the amount in Treasury notes, y= the amount in bonds,and
30-(y+y)= the amount in stocks. The constraints are: | . p =3

and the objective function to be maximized is: f{x, ) =07x+08p+ 0930 —{x + )]

The corresponding system of linear equationsis. |

Thefeasibleregionis:

A0 —(x+ 9y =3
x+y=15
y=2x
=27-02x—01yp
X, p=23
y=—-x+27
x+y=15
y=2x




Click here to see the next step.
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Problem 3 of 3

A pension fund has $30 million to invest. The money is to be divided among Treasury notes, bonds,
and stocks. The rules for administration of the fund require that at least $3 million be invested in each
type of investment, at least half the money be invested in Treasury notes and bonds, and the

amount invested in bonds not exceed twice the amount invested in Treasury notes. The annual

yields for the various investments are 7% for Treasury notes, 8% for bonds, and 9% for stocks.

How should the money be allocated among the various investments to produce the largets return?

In millions of dollars, let x= the amount in Treasury notes, y= the amount in bonds,and
30-(y+y)= the amount in stocks. The constraints are: | . p =3

A0 —(x+ 9y =3
x+y=15

y=2x
and the objective function to be maximized is: f{x, ) =07x+08p+ 0930 —{x + )]

=2 7-02x-01yp
The corresponding system of linear equationsis: [ x 4 =3

y=—-x+27
x+ =15

y=2x

Thefeasibleregionis:

7 14 21 EB\

The maximum return is $2.5 million when x=5 million and y=10 million.
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